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Modeling and Numerical Simulation of Yield Viscoplastic Fluid Flow
in Concentric and Eccentric Annuli’
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Abstract Numerical solution of yield viscoplastic fluid flow is hindered by the singularity inherent to the
Herschel-Bulkley model. A finite difference method over the boundary-fitted orthogonal coordinate system is util-
ized to investigate numerically the fully developed steady flow of non-Newtonian yield viscoplastic fluid through
concentric and eccentric annuli. The fluid rheology is described with the Herschel-Bulkley model. The numerical
simulation based on a continuous viscoplastic approach to the Herschel-Bulkley model is found in poor accordance
with the experimental data on volumetric flow rate of a bentonite suspension. A strict mathematical model for
Herschel-Bulkley fluid flow is established and the corresponding numerical procedures are proposed. However,
only the case of flow of a Herschel-Bulkley fluid in a concentric annulus is resolved based on the presumed flow
structure by using the common optimization technique. Possible flow structures in an eccentric annulus are pre-

sumed, and further challenges in numerical simulation of the Herschel-Bulkley fluid flow are suggested.
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1 INTRODUCTION

In oil-well drilling, drilling fluids are used for a
variety of function such as transporting the rock cut-
tings from the well bottom to the surface, providing
hydraulic pressure, cooling the bit, etc. Various mod-
els are used to describe the rheological behavior of
drilling fluids, including two parameter Bingham
plastic model, power law model and three parameter
models such as Herschel-Bulkley model, Carreau
model and many others. For more description of these
rheological models, the readers are referred to mono-
graphs like Bird et al. [1] and Chhabra [2].

As for the applications to drilling fluids, Kelessi-
dis et al. [3] and many others used the Herschel-
Bulkley model to represent their experimental data on
the behavior of shear stress with shear rate:

r=7,+Ky" €))

where 7 and 7, are the shear stress and the yield stress
respectively, K and n are the fluid consistency and
fluid behavior index respectively, and y is the shear
rate in fluid. Their experiments [3, 4] were on water-
bentonite suspensions with and without lignite from
different places in Greece as thinning agent. Kelessi-
dis et al. found that the Hershel-Bulkley model can
effectively correlate the rheological data of several
drilling fluids and proposed an improved method for
determining the Herschel-Bulkley model parameters
[3]. Although the argument on whether the yield stress
really exists, the 3-parameter Herschel-Bulkley model
is popularly used among petroleum industry practitio-
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ners [5].

Driven by the demand of knowledge on
non-Newtonian fluid flow, many experimental studies
on rheological behaviors and transport phenomena
have been conducted in last decades. Due to the diffi-
culty in conducting three-dimensional measurements
and less developed measurement techniques for turbid
and opaque fluids, numerical simulation approaches
display gradually their advantages in conceiving the
details of flow pattern and property distribution, which
are not straightforwardly available just by experimental
measurements. Numerical simulation of non-Newtonian
fluid flow has been advanced to a sophisticated level
and plays an important role in understanding the
non-Newtonian fluid flow and guiding the industrial
operation related with such fluids. Recent publications
reviewed such technical progresses in numerical
simulation of non-Newtonian fluid flows [5, 6].

In general, the constitutive equation of Herschel-
Bulkley fluids presents great obstacles for numerical
simulation of their flow and transport phenomena due
to the discontinuity in Eq. (1). Actually, Eq. (1) ap-
plies only when y>0, while 7 is indefinite between 0
and 7, when y= 0. This makes the stress and apparent
viscosity u(y) discontinuous at y= 0 [u(y)—w as y—0].
To bypass this difficulty, other rheological constitutive
equations without discontinuity are proposed. Among
them, Papanastasiou [7] proposed the continuous vis-
coplastic approximation (CVA) for Bingham fluids to
make the apparent viscosity be finite at y—0:

T =[K+Ty —l—ex|p(|—l7)}/ 2)
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For Hershel-Bulkley fluids, its analog is

1- exp(—ﬂ,;/)}
|71

If parameter 4 is chosen sufficiently large, Eq. (3) be-
comes continuous and smooth, and the deviation from
Eq. (1) occurs only in a small range very close to y ~ 0,
as illustrated in Fig. 1. This treatment makes the dis-
continuity of apparent viscosity,
1—exp(—4
p(=47) @)
|7
at y—0 reduces from a high order infinity to a lower

order one of Ky"™' + At for 0<n<1 of drilling fluids.
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Figure 1 Non-Newtonian liquids with different rheological
behaviors

CVA is popularly adopted by many authors in
their numerical work on simulating the behaviors of
Herschel-Bulkley fluids. For example, Papanastasiou
and Boudouvis investigated numerically using CVA
the flow structure in square, rectangular ducts and
elliptic annular dies [8]. Hussain and Sharif [9] simu-
lated the helical flow of yield viscoplastic fluids in
eccentric annuli using the Papanastasiou’s modifica-
tion of the Herschel-Bulkley constitutive equation, but
the simulation was not compared with experiment
because of lack of experimental data.

Another way of approximation is the so-called
biviscosity model: the apparent viscosity is set to a
constant of high value when the shear rate falls below
a certain low level, while above the threshold the
visco-plastic property is correctly expressed by the
constitutive equation [10, 11]. Since the two regions do
not connect smoothly, its applicability is expected to
be even more awkward than CVA.

In this work, we propose a strict mathematical
formulation of fully developed axial laminar flow of a
Herschel-Bulkley fluid in concentric and eccentric
annuli based on the control volume formulation on a
boundary-fitted coordinate system. The algorithm for
numerical solution is proposed. In view of the nu-
merical difficulty in getting the converged general
flow structure in both the yielded (shearing flow) and
unyielded (plug flow) regions, some special structures
meeting the governing equations and the boundary
conditions on the boundary between two regions are
conceived and tested. An alternative numerical strategy
is explored to resolve the flow in a concentric annulus
through optimization of parameters of a presumed
flow structure. The challenges for the numerical solu-
tion in eccentric annulus and mathematical description
of temporal development of Herschel-Bulkley fluid
flow are briefly addressed.

2 FORMULATION OF HERSCHEL-BULKLEY
FLUID IN ANNULUS

2.1 Physical conception

A Herschel-Bulkley fluid will not flow in an annular
conduit, unless the shear stress at the external and in-
ternal walls is above the yield stress. As the fluid starts
to flow, not the whole cross section has the shear rate
above the value of 7y, so that the fluid in some region
does not yield and it would move like a plug flow of
unyielded soft solid. The typical situation is depicted
in Fig. 2. In region A, the fluid flows as driven by the
pressure drop, and the flow is governed by the general
continuity and momentum balance equations. In the
plug flow regions B and C, the fluid moves along with
the yielded fluid as solid block, which is governed by
the solid mechanical laws, with the strain induced by the
same pressure drop. The deformation can be reasonably
perceived as elastic such that the Hooke law would
apply. At the boundary between these two regions, the

Figure 2 Feasible flow structure in an eccentric annulus with plug flow regions
A—shear flow region (7 > 0), B, C—unyielded region (plug flow) (» =0)
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balance between the yield shear stress and the elastic
stress exists as the boundary condition. Thus, the fluid
mechanical and solid mechanical equations will be
solved in a coupled way. The detailed formulation will
be described in the following sections.

2.2 Governing equations in the yielded region

The yield viscoplastic fluid flow in a pipe or an-
nulus is usually modeled based on the assumptions
such as (1) the fluid is incompressible and isothermal

and (2) the flow is laminar, steady and fully developed.

Thus, the mathematical formulation of steady laminar
flow of fluid may be expressed in general as

V-u=0 5)
u-Vou=-Vp+V-r (6)

However, the stress tensor 7 is nonlinearly related to
the rate of strain for non-Newtonian fluids. As the
present viscoplastic fluid flow is concerned, the
rheological equation in one-dimensional axial flow is
represented by the Herschel-Bulkley model, Eq. (1).

If one-dimensional, fully-developed flow in a
straight pipe or annulus depicted in Fig. 3 is consid-
ered, only the axial velocity component w(x, y) is
non-trivial and needs to be solved over the cross sec-
tion. In this case, Eq. (5) of continuity is satisfied
automatically, and the left-hand side of Eq. (6) turns
out to be zero identically. The pressure changes only
along the z axis and the pressure drop dp/dz is a con-
stant. Therefore, the governing equation becomes

0=—d—piZ+V-r (7
dz
in which i, is the unit vector in the z direction. The

shear stress tensor will be invariant in the z direction
and only two non-zero components survive therein:

T=T 00, + 7,00 +7,0 0, +7,i1i, (®)
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Figure 3 Sketches of velocity profile and stress distribu-
tion across the annulus

and its divergence is

0 0
Ver=| —1,+—7, |i, ©)]
Ox oy

Thus, the governing momentum equation (6) in
the z direction is simplified to
0=—d—p+irxz+iz'yz (10)
dz ox Oy
To get the solution of fluid flow and the area of
each region, accurate enforcement of boundary condi-
tions is necessary. Foreseeing the complex shape of
the plug flow region, the boundary-fitted coordinate
system is adopted to suit for the varying eccentricity
of annulus, e:

e=5/(R,—R)) (11)

and the momentum equation (10) is to be solved on a
transformed computational domain in the &-o-# coor-
dinate system as depicted in Fig. 4. The annulus in the
physical coordinate system x-o’-y is transformed into
a rectangle in the computational plain &-o-# by the
orthogonal transformation. In the latter reference
frame the domain boundaries are in coincidence with
the coordinate axes so that the physical boundary con-
ditions can be enforced more easily and accurately.
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=1 7
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d 54 o
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Figure 4 Sketch of eccentric annulus in physical x-o"-y

system and computational orthogonal boundary-fitted &-o-5
coordinate system

In the orthogonal reference frame, Eq. (10) reads

LETEZ +Lir,’;z :d_p (12)
he 06 5 hyon " dz

T, =t.c080, 7, =77sin6 (13)

nz

In fact, the yield stress 7y is a constant, and it vanishes
when a differential operator is exerted. So in Egs. (12)
and (13) the symbol 7 means the components arising
from 7¥ = Ky" in Eq. (1):

z';x =7.cos@=Ky"" Low ,
h: 0&
T;z — K}/n—l ia_w
h, on

Equation (12) demands that the constant pressure
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drop is balanced by the net shear force over a rectangu-
lar cell as demarked by dotted lines in Fig. 5, mean-
while the shear force is decided through Eq. (13). The
momentum balance Eq. (12) will be eventually trans-
formed into a partial differential equation of velocity
component w(&, 77) to be solved in the yielded flow
region.
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Figure 5 Typical cell (dotted line enclosed) around node P
for velocity w

2.3 Numerical scheme for Eq. (12)

The numerical solution is based on a general fi-
nite difference method, particular the control volume
formulation described by Patankar [12]. Eq. (12) is
integrated over the control volume in Fig. 5 to get

(rgz W)hqAn+(z';Z . S)thf

dp

* *
-7 -7
e &z nz

The rheological relation of yield viscoplastic
fluid is nonlinear, thus it is not easy to convert Eq. (12)
to an algebraic equation of velocity component w(¢, 7).
In this work, the linearization technique is applied to
Eq. (14), and the following expressions of two shear
stress components are obtained:

Ty, =T, cos@+Ky"! Low ,
h: 0&

1 ow
T =r,sin@+ Ky ——— 15
nz =Ty /4 (h 677] (15)

n

2 2
cos&ziaw/\/[lawj +(16W] (16)
he o& h: 0& h, on

The discretized expressions for 7, at the east and
west faces of cell P are

K ) wg—w
:[W J Tae an
¢ ), AS

_ £7n—l Wp — Wy
vt ) Ag

nge

7, (18)

Substituting the above linearized expressions into Eq.
(14) leads to

h§A§

K n—l]

Y (WN _WP)_
(hnAn i
K n—1
AT e l (WP W )}hgh Ag
dp
:E(hfh" )P AéAn (19)

It is then rearranged to the general form of dis-
crete equation as usually done in the control volume
approach [12]:

Apwp = z

k=E,W,N,S

Aw, + S, (20)
in which the following coefficients and source term
are defined:

Ay = 57/"*1 h,]|PM, Ay = 57"*1 h PM
he . A& he w A&

AN: 57/"’71 h PA_§, AS: 57/"71 h PA_g
he . An h . An

n

Ap = A + Ay + Ay + 4
dp
Sy =—E(h§h,7 )P Y

21
where A&, An are the side length of a control volume
in the ¢ and # directions. In above, the capital letter
subscripts are indices to neighbor nodes and the lower
case ones to the cell faces, as illustrated in Fig. 5.

As for the boundary conditions, no slip condition
(w=0) at the solid walls is to be satisfied. On the
boundary to the unyielded region, the magnitude of z,
approaches 7y, the rate of shear approaches 0 (y—0),
namely

ow_
on
In the present case of 1D axial flow normal to the

cross section in Fig. 4 where the only non-zero velocity
component is w(¢, 77), the magnitude of shear rate is

\/(1 GWT (1 awjz
y=dl7= 1 * 5
h§ o¢ h,7 on

If the driving force of flow, —dp/dz, is specified,
the solution of w(x, y) from Eq. (20) would proceed in
an iteration loop because the coefficients in Eq. (20)

0 (22)

(23)
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need to be updated from the just resolved w(x, y) field
due to the non-linearity.

2.4 Governing equation of the unyielded region

When the shear stress is below the yield stress 7,
the fluid elements in the plug flow region are static rela-
tive to one another and each of them is subjected to the
axial force balance. The plug flow region is exerted the
pressure drop in the z direction so that elastic strain
stress may occur as described by the force balance:

0=-%; (v.¢ 7
dz

in which 7 stands for the stress tensor resulted from
elastic deformation of fluid. The stress is controlled by
the general Hooke’s law:

=GB (24)
where G is the elasticity modulus of the unyielded

state and B the finger strain tensor [8]. For fully de-
veloped axial flow, Eq. (24) reads

T=Tpdel, + T 00 +7, L0 +7, 0.0,

r—ri+ri—Gi@i
z Ez%¢E nz'n hnal’l n

1ob, 10b,
=G| —— i +——1i,
h: 08 h, on

7. =GB. = G(Vb). (25)

where subscript 7 indicates the direction of gradient of
elastic deformation b(&, 7). With Eq. (25) substituted
into Eq. (7), we get

0= —d—piz +V?b (26)
dz

With the Laplacian operator in the (¢, #, z) reference

frame:
vio ! {i{hnhzi}
hgh,lhz axg h‘f axg

hh h.h
i(z_si] +i(ﬂiﬂ @
ox, \ h, oOx, ) ox,\ h, 0Ox,
substituted, we finally get the partial differential equa-
tion for the elastic deformation b(, #):

h h h-h
O™ b +i A Ob ) _ Ay dp (28)
05\ h: 05 | onl h, on G dz

since h, =1.

When Eq. (28) is similarly integrated over a con-
trol volume as Eq. (12) being treated, the following
discretized algebraic equation is resulted:

Apby= Y Ab +S5, (29)
k=E,W,N,S

h,| An h,| An
A =000 Re O R
Ry |, B¢

h, An h AE
NOR Re AT A
S la 9 7 s n

d
Ap=Ag + Ay + Ay + A, S, =—Ep(h§h”)}) AEAR

(30)
Equation (28) or (29) is the governing equation
for elastic deformtion in the region of y =0. By solv-
ing it we get the fluid strain b(¢, #), which is in fact a
tiny elastic deformation. The stress 7, is evaluated
from b(¢, 1), and it should be linearly distributed in
the unyielded region between —z, and 7, since the
driving force on the left hand of Eq. (28) is a constant
dp/dz, as indicated in Fig. 3.
However, the shear stress at the borders of regions
B and C in Fig. 2 is always equal to 7, and balanced
by the pressure drop which drives the fluid to flow.
This is indeed the boundary condition to be satisfied
between the yielded and unyielded regions, namely
ob
=G— 1
7, Gan 31
On the symmetry axis, zero derivative of b is to be
enforced. With these boundary conditions, the two-
dimensional distribution of b(&, 7) and #(&, ) in the
plug flow region can be resolved.

2.5 Boundary-fitted coordinate system

Eccentric annulus is geometrically complex and
it is not convenient to perform numerical simulation in
such a domain. A boundary-fitted orthogonal curvi-
linear coordinate system is beneficial to the numerical
solution in this case because the boundary conditions
at the outer and inner walls can be enforced more eas-
ily and accurately. The covariant Laplacian equations

22} 2 (1),
o&\" o) on\ fon

i(fa_y}Li(la_yj:o (32)
og\" o5) on\ fon

are utilized to transform the physical domain of an
eccentric annulus into a unit square (0<<E<<1, 0<<p<<1)
in the computational plane (¢, #) as indicated in Fig. 4.
Orthogonal mapping is carried out by the methods
proposed by Ryskin and Leal [13], and this technique
was used successfully in our previous work [14, 15].
The distortion function f{¢, #7) is defined as the ratio of
scaling factors in the ¢ and # directions to symbolize
the aspect ratio of a cell in the physical (x, y) plane:

S(&m)=h, | he (33)
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e (Y CraxY (e
) (5] S e

With proper boundary conditions relating the
physical and computational domains, the numerical
grids are generated by solving Eq. (32) using the finite
difference method.

In the present case, we use the strong constraint
method [13] to create the orthogonal grid, namely, the
distortion function f{&, ») is a priori specified as

i n[nR +(1-n)R, |
f&.m= E(R,—R +8)+(1-&)(R,—R - 6)

which is essentially an expression of Eq. (33) when a
grid with nodes in & and # directions being uniformly
distributed in the square of (0<<¢<<1, 0<sy=<:1). This
is a tolerable choice in the typical case of Ry/R;=2
and e= 0/(R,—R,)=0.5, the local maximum of mesh
non-orthgonality on a 41x41 grid,

Ox Ox Oy Oy

0F on O on

CEGICED]

is only 0.010, which is equivalent that two coordinate
lines intersect at the node with the angle of 89.43°,
and the average d over all nodes is 0.0045.

(35)

d= (36)

3 NUMERICAL DETAIL

3.1 Numerical procedure

In general, an approximate solution of w(&, #) is
easily obtained with the so-called regularization ap-
proach (called CVA in this paper) to smear away the
discontinuity between laminar flow and plug flow
regions as suggested by Papanastasiou [7]. Using the
yield stress 7, as the criterion, the whole cross section
is divided into the yielded and unyielded regions. Us-
ing this continuous flow field as the initial guess, the
governing equation (20) is solved, while Eq. (28)
solved on the plug flow region. The boundary between
two regions should be adjusted to approach gradually
the state with the boundary conditions, Egs. (22) and
(31), simultaneously satisfied. All these procedures will
be carried out in an iterative loop until the convergence.

There are some more check-ups on the integrity
of the converged flow field. First is the force balance
on each unyielded region (B or C in Fig. 2):

J‘J‘BorC_%dA=¢Tyds (37)

and the second is the total force balance over the cross
section:

j—%’dA:quwds (38)

These may be used as the tests for numerical
grid-independency. In above equations, the left hand

side line integral is conducted along the boundary of
respective cross section.

3.2 Grid independence

To validate the present in-house computer code, a
case of fully developed laminar flow of 1.85% bentonite
dispersion in 100% eccentric annulus [16] is simulated.
The dispersion is well described with the Herschel-
Bulkley model and the fitted constitutive equation is

r=0.886+0.0130"%%  R?=0.9984  (39)

The geometrical parameters of the annulus are R, =20
mm, R, =35 mm, and the eccentricity e= 1.

Based on previous experience [14, 15], the grid-
independence for similar numerical simulations was
achieved on a 41x81 grid (denoting node numbers in &
and 7 directions). The orthogonal grid generated is plot-
ted in Fig. 6. The maximum non-orthogonality is 0.087,
and the average is 0.0046, just a little worse than the
results reported in Section 2.5. Also to be noticed that
this poor orthogonality occurs very near the touching
walls, and it is expected to exert little effect on the fluid
flow of other part of cross section with large flow velocity.

0.04

0.03

0.02

0.01

0

-0.01

-0.02 0 0.02

Figure 6 Boundary-fitted orthogonal coordinate system
fore=1, R{=20 mm, R,=35mm

The convergence criterion when the regulariza-
tion approach (CVA) adopted is that the dimensionless
relative residual of the algebraic equation sets for w
dropped below 107,

4 SOLUTION BY CONTINUOUS VISCOPLAS-
TIC APPROXIMATION

4.1 Numerical realization

As proposed by and practiced by many others,
the continuous viscoplastic approximation (CVA) is
rather simple for implementing the numerical simula-
tion of flow of Herschel-Bulkley fluids. In this way,
there is no plug flow region in the annulus and fluid
flows everywhere, no matter how small the velocity is.
By this approximation, region B in Fig. 2 becomes
that with low shear (<ty), high apparent viscosity and
almost flat velocity profile, while in region C the
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velocity would be very low, being almost stagnant. Only
one governing equation is applicable: Eq. (10) for the
flowing region. The discretized algebraic equation (19)
simplifies to

(Elewor 2] o

(40)
after the term Ky"~ in Eq. (19) is replaced by the ap-
parent viscosity u, defined in Eq. (4). The subsequent
numerical simulation is quite routinely performed as
dealing with other laminar viscous flow. It is noticed
that for the present case of flow in the annulus, the value
of 4 is not very critical, and 2>5.0 is sufficient to guar-
antee the numerical results being independent of A.

Kelessidis et al. [16] experimented on the flow of
bentonite suspension as a drilling fluid through con-
centric and eccentric annuli in laminar and turbulent
regimes. Here only the 6 cases of low pressure drop

n—1

(a) Axial velocity

are simulated. The typical contour maps of velocity
component w and shear stress 7 are presented for the
case of dp/dz=219.7 Pam™', e= 1.0 (fully eccentric),
R;=35mm, R; =20 mm in Fig. 7.

On the first glance, the velocity contours are rea-
sonable in Fig. 7 (a): the maximum velocity is at the
wide side of the annulus. The shear stress is high at
the walls on the wide side and it decreases in magni-
tude as it moves to the center of the annulus in Fig. 7
(b); at the narrow side where the two walls touch, the
velocity is very low, so does the shear stress. The
blank band in the central annulus is the region bounded
by the contour lines with the shear stress equal to the
yield stress 7y, and that may be presumed to be the
approximate unyielded plug flow region. All these
make sense only in the context of CVA approximation:
such a plug flow region would flow in the wide side
but adhere to the wall at the narrow side. This is an
impossible flow pattern contradicting to the nature of
yield viscoplastic fluids. It is considered that the CVA
is conceptually inapplicable, and whether it is avail-
able for rough estimation of flow of Herschel-Bulkley
fluids in annuli should be checked up with a good
stock of experimental data.

Figure 8 presents a similar case of dp/dz=414.2
Pa-m', but Fig. 8 (b) indicates that the unyielded region

(b) Shear stress

Figure 7 Contour maps in fully eccentric annulus with CVA (dp/dz=219.7 Pam™, e= 1.0, R, = 35 mm, R, = 20 mm)

(a) Axial velocity

(b) Shear stress

Figure 8 Contour maps in fully eccentric annulus with CVA (dp/dz=414.2 Pa-m™)
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Table 1 Comparison of CVA simulation with experiment on concentric annulus [16]

dp/dz Exp. CVA Num. H-B model
/Pam’! O/Ls™ w/ms™ O/Ls™ Re Ay/m’ O/Ls™ Re Uy/m-s™ w/ms™' Ay/m’
252.6 0.692 0.267 2.776 6330 14.8x107* 0.62 1308 0.282 0.241 14.7x107*
281.5 1.087 0.419 3.140 7266 13.4x10™* 0.88 1872 0.405 0.34 13.2x10™*
313.2 1.532 0.591 3.545 8324 12.1x10™* 1.20 2582 0.561 0.462 11.8x107*
354.1 2.026 0.782 4.080 9732 10.8x10™* 1.63 3562 0.781 0.63 10.5x10™*
5115 2.372 0.915 6.191 15540 7.12x107* 3.65 9192 1.846 1.409 3.65x107™
699.6 2.900 1.118 8.837 23160 5.48x10™ 6.01 15780 3.121 2.320 5.30x10™

is split into two, possibly the large one is the plug flow
region amongst the shear flowing fluid and the small
one by the narrow side is a stagnant block since it
borders to the touching walls. The shapes of these two
regions are very doubtful, and whether they satisfy the
laws of elastic deformation in solid mechanics and the
boundary condition (31) needs quantitative check-up.

4.2 Comparison with experimental data

Flow in concentric annulus is more easily simu-
lated numerically since the grid suitable for this case
is actually a polar coordinate system and the numeri-
cal generation of orthogonal grid is not necessary. The
volumetric flow rate as calculated from the numerical
solution of flow field is compared with the experi-
mental data of low pressure drop by Kelessidis et al.
[16] as listed in Tables 1 and 2.

Table 2 Comparison of CVA simulation with
experiments on eccentric annulus [16]

dp/dz Exp. CVA
Pam” ol H/ms? Qs Re Ay’
1568 1662  0.641 1533 5740 7.245x10°
2197 2008 0774 2297 9194 5.116x10°
2994 2419 0933 3328 14170  3.487x107
3512 2.846  1.098 4030 17710 2.590x10™*
4142 3175 1225 4911 22300 1.646x10™
5250  3.504 1352 6.525 31060 0.943x10™
7057 3.899 1504 9301 46950 0.487x10™

It seems that under the possibly laminar flow
condition, the numerically predicted flow rates by the
CVA approach are 1.8 times higher than the experi-
mental measurements (statistics for first 4 rows of
laminar flow in Table 1), although they follow roughly
the same trend. The overestimation in eccentric annu-
lus is less significant (only average relative error of
25% for 4 data with dp/dz<400 Pa-m™"), possibly re-
lated with the more dramatic contrast among the local
values of shear rate over the whole cross section.

In contrast, Kelessidis et al. [14] developed a unified

approach to predict the relationship between the flow
rate and pressure drop covering the whole range from
laminar to fully turbulent flows in concentric annulus
using analytical solution based on slit flow solution for
laminar flow and a semi-empirical approach for tur-
bulent and transitional flows with much less error than
that from the CVA simulation. This suggests that the
numerical simulation of Herschel-Bulkley fluids
should be based on a better and more accurate model
rather than simple CVA.

5 SPECIAL CASES OF RIGOROUS SOLUTION

5.1 Strategy for concentric annulus

For the non-Newtonian fluid flow in annulus, the
present set of governing partial differential equation
consists of Eq. (12) for velocity component w and Eq.
(28) for elastic deformation b.

The boundary condition for w is that w= 0 at solid
wall, and w at the boundary between the flow region
and the unyielded region is a constant to be determined
in the solution. The boundary condition for b is Eq. (31)
which implies the elastic stress at the boundary of un-
yielded region equals exactly to the yield stress z,.

It is desired to solve the above mathematical
problem by an iterative numerical procedure to get the
steady flow field, which needs to adjust the boundary
position and the plug velocity iteratively. From the
authors’ efforts, it seems the task to get a converged
solution is very difficult. In this work we turn to some
simple cases, namely, we presume the possible and
rational flow structure and solve quantitatively for the
flow field belong to this flow pattern.

We have foreseen a typical flow structure in a
concentric annulus as illustrated in Fig. 9. Because of
the axial symmetry, the plug flow region is also an annu-
lar ring demarcated by radii s, and s,. The force balance
over this region, Eq. (37), dictates the pressure drop be
balanced by the yield stress at the boundary circles:

2n(s, +s,)7, = n(sg —si )%

2
S2 :\/M(SI +S2)—S12 (41)
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Figure 9 Flow structure in a concentric annulus with a
plug flow region

A—shear flow region ( ¥ > 0); B—unyielded region (plug flow)
(7=0)

So either s; or s, is to be resolved when the pressure
drop is specified in advance. Another undetermined
parameter is the linear velocity of the plug flow region
wy. We select the correct values of s; and wy to satisfy
the partial differential equations (PDEs) and the required
boundary conditions. This can be easily accomplished
using common optimization techniques to search over
a two-dimensional parameter domain for s, and wy. The
optimization algorithm adopted here is a simple and
robust one: the complex method.

The numerically predicted results of flow rate in
the vigorous Herschel-Bulkley model for the concen-
tric annulus are listed in last columns of Table 1. It is
easy to find that the rigorous prediction is more close
to the experimental measurements than the CVA
simulation. For the first 4 data with low Reynolds
number as defined by

2U(R, - R))p
Hay

where the hydraulic diameter 2(R,—R);) of annulus is
used and u,, is the area-weighted average of apparent
viscosity defined by Eq. (4), the rigorous simulation
predicts Q with the average relative error of —17.7%
only. The residuals for PDEs are quite small, and the
boundary condition of velocity gradient equaling to

Re =

(a) Shear stress

zero for the shear flow region is enforced quite well.
For the case of dp/dz=354.1 Pa-m™’, the average ve-
locity gradient along the two boundarles of the plug
flow region is 4.98x107 s' and the corresponding
standard deviation is 1.4x 10 in contrast to the refer-
ence value of 2wy/(R2—R1)— 104.1 s™'. Boundary con-
dition (31) for b is also well enforced: the bias of
ob/on from 7,/G=1.073 is only 2.67x107 on the
average with a standard deviation of 1.368x107". Fig.
11 plots the elastic deformation b versus the radial
coordinate, giving a smooth curve satisfying the Poi-
son equation (28) that b(r) observes, in good accor-
dance with the general picture depicted in Fig. 3. It is
nice to see that the curve at the both ends is smoothly
connected with the main domain of plug flow region,
for the main part of the curve are computed based on
complete cells while the ending value of b is depend-
ent on the boundary condition and computed based on
incomplete cells. The simulated results in Table 1 and
Figs. 10 and 11 suggest strongly that the present results
from the rigorous models are reliable and convincing.
For laminar flow of Herschel-Bulkley fluid in
concentric annulus, many authors presented analytic
solution, typically as developed by Hanks [17]. The
numerical values of the volumetric flow rate under
low pressure drops in Table 1 as calculated by Hanks’
solution are compared with the experimental data by
Kelessidis et al. [16] and the predicted by the strict
model in Fig. 12. It is observed that the strict model
prediction is pretty close to experimental data and
analytical solution, particularly when dp/dz<400
Pam™ and the flow is possibly laminar (Re<3562).
This also offers supporting evidence to the soundness
of the strict mathematical model proposed in this work.
In contrast, the CVA approach seems not to be reliable.
By the way, Eq. (38) was used as a check of the
soundness of the numerical simulation in this section,
the total wall shear is only about —3.5% lower than the
produce of applied pressure drop by the cross-sectional
area for the 6 cases of concentric annular flow in
Table 1, which is slightly larger than the average of

(b) Elastic deformation b

Figure 10 Shear stress in shear flow region and plug region deformation in concentric annulus with a plug flow region

(dp/dz=354.1 Pam™', G=1,7,= 1.073 Pa)
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Figure 11 Elastic deformation across the plug flow region in
concentric annulus (dp/dz=354.1 Pam ™', G=1, 7,=1.073 Pa)
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Figure 12 Comparison of the prediction by the strict model
with experimental data and analytic solution (Concentric
annulus, R, = 0.035 m, R; = 0.020 m)
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—2.4% for the CVA results. However, it is expected the
error would decrease further when finer grids are

true plug
(region I11)

region I,
pseudo-plug (region II)

©

adopted for simulation.
5.2 Strategy for eccentric annulus

Since a plug flow region as presumed in Fig. 7 (b)
is not likely, another possible configuration is presumed
in Fig. 13 (a), in which a plug flow region in motion is
isolated from tube walls and a stagnant plug region
sticks to the touching walls, in somewhat resemblance
to the structure in Fig. 8 (b). The flowing plug flow is
also driven by the same constant pressure drop as the
shearing flow, therefore the force balance on this re-
gion must be observed. From the knowledge on elastic
deformation of solid body, the plug flow region must
be circular, leading to the following force balance:

dp
_ 2
ZﬁRyTy = TCRy E

which dictates the circular plug floe region has a ra-
dius of

27
R, =—* (42)
dp/dz
This condition would exclude geometrically the exis-
tence of a stable plug flow region when the wide side
gap of the annulus is small (R,—R;<Ry).

For the configuration in Fig. 13 (a), two parame-
ters, the location of plug flow region center S; and the
plug velocity, specifies the status of a Herschel-Bulkley
fluid of the flowing plug, when the annular geometry
and pressure drop are specified, but the formulation
and specification of the stagnant plug region are still
pending. Besides, many flow structures are feasible,

A

Q)

Sy

(b)

(d)

Figure 13 Possible flow structures in an eccentric annulus with flowing and stagnant plug regions
A—shear flow region (7 > 0); B—unyielded flow region (plug flow) (» = 0); C—unyielded stagnant region (dead zone) (¥ =0)



Chin. J. Chem. Eng., Vol. 20, No. 1, February 2012 201

for example, the structure in Fig. 13 (b) may not be
stable but could exist when flow structure transition is
occurring.

Many authors explored the flow structure of
Bingham plastic fluids in different ducts [8]. Walton
and Bittleston [18] argued the existence of three re-
gions in an eccentric annulus: true plug, pseudo-plug
and shearing flow regions as sketched in Fig. 13 (c) and
the shape of true plug flow region as sketched therein

was accepted by some latter authors (for example [19]).

The meaning of a pseudo-plug seems somewhat am-
biguous. In our perception, the general structure like
Fig. 13 (d) with shear flow region A4, plug flow region
B and stagnant region C seems more reasonable, and
the relevant justification is presently under way.

Numerical solution in eccentric annuli may pro-
ceed based on the strict model, either with an iterative
algorithm or by an optimization procedure.

5.3 Problems to be resolved

From the above exploration, it is certain that the
rigorous numerical simulation of yield viscoplastic
fluids based on the Herschel-Bukcley model is neces-
sary, because the predictability of CVA is found to be
rather poor. There are at least three problems to be
tackled before the non-Newtonian flow of Herschel-
Bulkley fluids can be numerically simulated with suf-
ficient accuracy.

Firstly, a robust iterative algorithm has to be de-
veloped to solve conjugatedly the shearing flow in
yielded flow region and the plug flow with elastic de-
formation amid the flowing Herschel-Bulkley fluids,
so that the physical constraints on the boundary be-
tween these two regions can be satisfied. Simple em-
pirical way of linear addition of corrections for the
deviation of velocity gradient from zero at the side of
shearing flow region and the bias of elastic deforma-
tion stress from yield stress at the side of plug flow
region seems not working for our case of rigorous
simulation. A more accurate mechanism-based equa-
tion for estimating the correction to the boundary lo-
cation is more desired.

Secondly, it is demonstrated by numerical solu-
tion that a stable flow structure as in Fig. 9 exists in
accordance to the governing equations subject to nec-
essary boundary conditions. However, it is difficult to
image that a ring-shaped plug flow region remains me-
chanically stable as its width reduces to a small value.
It might break into small round pieces of plug flow. It
is necessary to resolve the process of breakage on a
dynamics based numerical scheme. To describe such a
process, the mathematical model of the steady-state
fully developed axial flow needs to be extended to suit
the more complicated time-dependent flow. Thus, the
dynamic nature of fluid flow and flow patter transition
must be studied on the time-dependent basis.

Thirdly, the experimental validation of numerical
prediction also awaits technical improvements. The
flow rate-pressure drop data are not revealing enough

to distinguish the mesoscopic difference among diver-
sified models. The experimental data on dimension
and shape of the plug flow region in annuli have not
been reported. The measurement and visualization tech-
niques seem to need further development, particularly
for opaque or turbid non-Newtonian fluids, to provide
the provisions to answer whether the plug flow region
maintains its identity or not when being mechanically
or turbulently perturbed, whether the multiple stable
flow structures exist, and how the transition of flow
structure occurs and develops.

6 CONCLUSIONS

Mathematical model of a yield viscoplastic fluid
flowing through concentric and eccentric annuli is
established and the algorithm based on a finite differ-
ence method over the boundary-fitted orthogonal coor-
dinate system is developed. The present preliminary
work on numerical simulation may be concluded as
follows:

(1) Strict mathematical formulation of the flow of
Herschel-Bulkley fluids is established, in which the
shear flow region is governed by momentum conserva-
tion in combination with the constitutive equation of
the Herschel-Bulkley fluid, and the plug flow region is
controlled by the law of elastic solid mechanics of the
unyielded region of Herschel-Bulkley fluid. The con-
straint conditions at the boundary between two regions
are formulated. These equations constitute a well-posed
mathematical problem for numerical solution.

(2) The problem can be simplified greatly by
adopting the continuous viscoplastic approximation
(CVA) to bypass the discontinuity of shear stress at
zero rate of strain. But this approach to the
Herschel-Bulkley fluid flow is found to overestimate
greatly the volumetric flow rate of a bentonite suspen-
sion in a concentric annulus as compared with the ex-
perimental data. However, the overestimation for an
eccentric annulus decreases to reasonable level for
dp/dz<400 Pa-m™'. Besides, the region of plug flow
demarcated by 7 =7, in eccentric annulus is prob-
lematic as judged from the nature of Herschel-Bulkley
fluids, and it could not exist in practice. Hence, CVA
gives only the qualitative trend of the flow rate versus
pressure drop, not the flow structure in detail.

(3) A strict numerical procedure based on the
Herschel-Bulkley model is proposed, but its numerical
implementation by iterative adjustment of the bound-
ary location and the plug flow velocity fails despite
serious efforts devoted, especially for eccentric annuli.
A robust algorithm needs to be developed to get the
converged solution of the general Herschel-Bulkley
fluid flow with reasonable accuracy.

(4) With the solid mechanics analysis of the plug
flow region, some possible flow structures are pre-
sumed for their shape and location in annuli, and the
flow under these structures can be resolved by nu-
merical optimization of the parameters specifying such
a structure. Only the case of flow of Herschel-Bulkley
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